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Abstract— This paper attempts to merge the the- methods used for the two approaches; however,
ory of Lyapunov exponents for continuous- and ysing simple geometric considerations, analytical
discrete-time dynamical systems for application to and computational methods can be derived for

mixed, or hybrid, dynamical systems. The relevant ting the L ts of hvbrid d
theoretical background is presented and extended to computing the Lyapunov exponents ot hybrid dy-

hybrid dynamical systems. A method for computing namical systems. The focus of this work is the

Lyapunov exponents is presented and applied to the derivation of such methods.

problem of colliding particles. This paper begins by developing the necessary

theoretical background for computing Lyapunov

exponents. Subsequently, the theory of Lyapunov

exponents will be used to develop a coherent
In complex dynamical systems, microscopidramework for application to hybrid dynamical

properties such as position are oftentimes dissystems. After developing this framework, the

tributed in such a way that classical methods otheoretical approach is applied to the problem

analysis are not practical. This is, in general, du@f colliding particles; a system that evolves con-

to the dfect of small perturbations on long-termtinuously in time until collisions instantaneously

system behavior. Instead of analyzing localize¢hange the velocity of the colliding particles.

properties, it is most useful to compute global

properties that are indicative of a system’s macro- . THEORY

scopic behavior. But what types of global proper-

ties are of interest? For most dynamical systems,

it is natural to wonder how two trajectories that This section is broken up in subsections.

start very close will evolve in time. Will they Continuous-time dynamics are considered first,

stay close, or will they diverge? How quickly do from which the same concepts will be applied

these trajectories converge or diverge? Answering discrete-time dynamics. The main points of

these questions requires the computation of thieoth subsections will be combined for applica-

so-calledLyapunov exponents, which describe the tion to hybrid dynamical systems. Subsequently,

average rate of exponential divergence (or convethe numerical procedure for computing Lyapunov

gence) of two neighboring trajectories. exponents of hybrid dynamical systems will be
A very large body of work has been done con-developed.

cerning the computation of Lyapunov exponents

for continuous- and discrete-time dynamics [3].a. Continuous Dynamical Systems

However, little work has been done combining

analytical and computational methods of both

approaches to address hybrid dynamical systems. Consider théN-dimensional continuous dynam-

In practice, there are somefiitulties in merging ical system with flow se€ c RN described by the

system of first-order dierential equations
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the dynamics become mathematically relevant questions should be ad-
dressed. Does the limit in (4) converge? Assuming

X+0x = (x+0X) it does converge for each initial condition of
= f(x+6X) the unperturbed system, does it converge to the
=  f(x) + Df(x)ox same value for each initial condition? The system

hasN dimensions, which direction is the growth
where attributed todn, in? Is it guaranteed that any initial
DF(X) = ﬁ(x) choice ofdxm will yield the same calculation of

is the Jacobian matrix of evaluated at the point
in phase spac&. The evolution equation for the
perturbation can now be derived as

First, address the limit question. Oseledec’s
multiplicative ergodic theorem [1] guarantees that,
under very general assumptions, the limit (4)

OX = X+0X-X exists. Ruelle [6] has shown that, again under
= (X+6X) =X very general assumptions, (4) converges to the
~ () + DFX)x - f(X) same value regardless of initial starting point. This

indicates theglobal nature of Lyapunov exponents
in analyzing stability properties of a dynamical
Through the use of separation-of-variables, th&ystem.

differential equation idx will have a solution that

DF(X)oX.

Answering the question of direction is much

looks like ~ trickier. In general, this direction is time-
Xm(t) = oxm(0)e™™ (2) dependent. The reason for this is that the di-
, rections of growth are localized in time, like
with the eigenvectofsigenvalues of the Jacobian at a
given point along the trajectory. However, the
oXm(0) = Za*'me" (3)  Lyapunov exponents represent a global average.
=1 This leads to another potential issue, and that is:
In (2) and (3), the following is assumed How does one choose an initial perturbation to
1) {g|1 <i < N} is the set of standard basis compute them" Lyapunov exponent? From Ott
vectors onRN. [3], the choice of any initial perturbation will

2) The set{6xn(0)] 1 < m < N} is an or- allow the computation of the largest Lyapunov
thonormal set that spans the tangent spaaxponent, denotedl;. To compute subsequent
of C (the space of all perturbations to aAt,,...,An, let En ¢ 6C denote the subspace
solution of (1), denotedC ). Consequently, orthogonal to the space spanned by the ini-
llamll2 = 1 wheream(e RN) = [aqm. . . anm]. tial perturbation vectoréxy1(0), .. ., 6Xm-1(0). Pick

3) |l - |2 denotes the standard Euclidean norndx,(0) € E, and then computd,, via (4). Back
onRN, to the question: Is it guaranteed that any initial

Here,6xn(t) denotes the time-evolution 6kn(0). choice oféxy, will yield the same calculation of
The A above will be them" eigenvalue of 4m? From the preceding construction, so long as
f Df(x)dr (1 < m < N) which, along with the 6Xm(0) is chosen so that it is orthogonal to all
corresponding eigenvector, is highly localized ind%1(0),. . ., Xm-1(0), the same value fot, will be
both time and space. Instead of focusing on th|§0mDUted- Using this approach in practice, how-
localized relationship, it is more useful to considet€Ver, is intractable, as large dynamical systems
the time-averaged quantity of A can rarely be analyzed analytically with ease. The
approach outlined can be implemented numeri-
lloXm(t)ll2 :
7) (4) cally to compute all Lyapunov exponents using the
ll6Xm(O)ll2 QR factorization method known as Gram-Schmidt
Am is called them™ Lyapunov exponent of the reorthonormalization [3], [5]. This method will be
dynamical system. At this point, a number ofdeveloped in the Numerical Procedure section.

Am_llm/lm_llm—l g(

t—oo tooo t



B. Discrete Dynamical Systems continuous in time, while the jump set is defined
as the set where the dynamics#f are discrete.
Much of the construction of Lyapunov expo- The functionf describes the time-derivative of the

nents for discrete-time dynamical systems folState variableforx € C. The functiong describes
lows directly, so the development will be terse."® mapping of points iD. This mapping can be
Consider theN-dimensional discrete dynamical SUCh thag(x) remains inD, or jumps out oD and

system with domai  R" described by the map into thg flow seC. For amore thorough treatment
regarding the construction ¢, see [7].

X" = g(x). (5) It is desirable to try and combine the
constructions for Lyapunov exponents from the

If the system is perturbed slightly at initialization, : )
preceding sections, however some care must be

xP+6xt = (x+6x)* taken. When perturbing a trajectory, the times
= g(X + 6X) whenH flows or jumps will be éfset by some

~ g(x) + DYX)SX factor. Figure 1 shows the two-dimensional

projection of two trajectories representing

where solutions toH: unperturbed (solid) and perturbed
a9 (dashed). Due to the initial fiset, the times at

Dy(x) = &(X) which each trajectory will enter the jump set

are diferent. Each perturbed solution will have
different hybrid time domain than the original
reference trajectory. Keeping track of all of
SxT = xt+oxt —xt these diferent time domains would be fiicult;
= (x+6%)" —x* however, it is possible to make a modification
to the jump map incorporating the timeffget
~  g(x) + Dg(x)ox — g(x) 6tm of the 1 time the trajectory jumps so that
= DY(X)ox. only the hybrid time domain of the reference
trajectory needs to be considered. Therefore, the

Following almost exactly the same approach a%ontinuous—time construction for the evolution of

used in the continuous case, with the same 2%he perturbation vectors is valid and can be used

sumptions, it is possible to derive the average rates ~ . : : .
. . as is. Only the evolution of the discrete-time

(one for each dimension of the system) of growth . o
perturbations needs to be modified.

is the Jacobian matrix af evaluated at the point
X. The evolution equation for the perturbation is

of 6x,
1 (0x)" 2
Am = lim =lo (—) 6
R N vt 8 ©
Here, ¢x;)" denotes the application of the Ja-
cobian of the mapg to the perturbationsxm Consider the evolution of the two trajectories

n times. The rest of the arguments concerninghown in Figure 1. It is desired to derive a map
the calculation of the Lyapunov exponents forthat will describe the mapping of a perturbation
discrete-time systems follow exactly from thosevector after a jump occurs in the reference trajec-
made in the Continuous-Time section. tory. From the figure, it is observed that (recalling
5

C. Hybrid Dynamical Systems ©)

OX* = g(X + 6Xm) — [X + f(XxT)otm]  (7)

Consider theN-dimensional hybrid dynamical

systemH with state variable € RN described by SiNCe 6Xm = 06X + f(x)éTm. Using the linear
the setsC ¢ RN andD c RN and the real-valued @pproximation utilized in the preceding section on
functions f andg. The setsC and D denote the discrete systems, it follows that
flow and jump sets, respectively. The flow set is
defined as the set where the dynamicstéfare 9(X + 6%m) = g(X) + DY(X)5Xm: (8)



Xs

X+ 06X

exponents to make sense in the setting of hybrid
P systems, it is required th@tbe both maximal and
/// OX\ /X complete. To further this notion, & denote the
' hybrid time domain ofp,

X+ 0Xm, Tj + 0Tm

[
=

E = J(lzj. 7yl )-

I

Il
o

For ¢ to be complete (and hence, maximal), it is
necessary and flicient that one of the following
conditions holds:

1) If at least one flow interval exists and the
system flows from the finite time;_; up
to an arbitrarily large time, thed < c and
the last flow interval will be §;_1, ).

2) If at least one flow interval exists and the

Xr system flows from the finite time;_; up to
the finite timer;, and for sdficiently large
Js» Tj-1 = 7j, thenJ = oo,
. . ) 3) If at least one flow interval exists, and, for
Fig. 1. Hfect of time dfset on perturbation vectorgry,

represents the time flierence between the application of all Is the interval h’THl] is dense inRo,
the discontinuous mag in the reference (unperturbed) and thenJ = .

perturbed trajectories at the time of tH& jump in the 4) If J =0, then the system flows frotg = 0

reference trajectory (denotert,). In this figure, the choice . . . . .
of 1<r,s< N, N the dimension of the dynamical system, is to an arbitrarily large timeT; that is the

arbitrary. The fig#re represents the application of the flgw u interval [Q ).
Ehel . ]
to and after thgj™ jump occurs in the system. 5) If 7j = Tk for all s k < J, thenJ = o.

One of the first three properties is requiredHf
has both continuous- and discrete-time dynamics.
Combining (7) and (8) and utilizing the fact thatProperty 4 is required i+ is continuous, while
x* = g(x) yields the final expression fo8 (see property 5 is required ifH is discrete. Property

[2], [4] for a thorough treatment): 1 is interpreted as the case where the system
N alternates between flows and jumps until a final
X = S(X, OXm) (9 condition is reached where the system state can no

= DY(X)6Xm + [DY(X) f(X) — f o g(X)]6Tm.  longer enter the jump set. Property 2 is interpreted

(10) as the case where the system flows until the
system state reaches a condition where it can only
subsequently jump. Property 3 is the case where

or negative in this construction, and is generally :
a function of bothx andéx [2], [4]. Now that the g:letis;%/ztem alternates beween flows and jumps for

relevant mapping has been derived for perturba-
bping P To construct the Lyapunov exponents for a

tions in the setting of hybrid dynamical systems . d .
the construction of Lyapunov exponents can bberld system, the notion of solution needs to be
extended to include the evolution of the perturba-

formalized. . . ; . .
The construction will proceed using notation tion. Since¢ is a solution to#, it follows that
‘for all j € N such thatl! := {t : (t, j) € dom ¢}

slightly modified where necessary, from [7]. Lethas nonemoty interior
¢ be a hybrid arc that is a solution (. In Pty '
the preceding sections, Lyapunov exponents have{¢(t ec

The (real-valued) timefset can be either positive

for all teint 11,

#(t, j) € F(¢(t, j)) for almost allt € 11; (1)

been constructed as averages asn become ar-
bitrarily large. Therefore, for the idea of Lyapunov



and for all ¢, j) € dom¢ such that{,j + 1) € the procedure implemented should start with a

dom ¢, set of perturbation vectors that sp&f. The
. dynamics of both the reference trajectafyand

¢(t.}) €D, (12) all of the N d¢'s should be integratgiterated

#(t, j + 1) € G(a(t, J)). at each time step. After each integraficeration

To include the continuous-time perturbation dy-SteP, apply modified Gram-Schmidt to obtain the
namics, augment (11) with the condition thathormalization factors (the logarithm of which are

(given thatsg(t, j) is the evolution of the pertur- the Lyapunov exponents) and the directions of
growth. Algorithm 1 shows pseudocode for this

bation)

) ) procedure:

0p(t, j) € DF((t, j), 59(t, j)) for a.e.t eint I;

where DF(4(t, 1), 6¢(t, J)) = Algorithm 1 Computing Lyapunov Exponents

{DT(g(t, ]), 06(t, )og(t, )l t € int 1)}, Similarly,  ith Modified Gram-Schmidt

for the discrete-time dynamics, augment (12) nitialize ¢(0,0) andégm(0,0) for all 1< m <

with the condition that N. Choosespn(0,0) = ey, the standard basis
- - . vector inR" along them® coordinate.

00(t. 1 + 1) € S(@(t ). 06 (L. 1)) while (maxt, j) < M) whereM is a prescribed
where S = {S(&(t, j),d¢(t, j))| for all (t,]) € stopping point of the integratigiteration of
dom¢ such that{,j + 1) € domg}. Now, it solution toH do
makes sense to construct a relationship for the Integratditerates(t, j) and all of thesgn(t, j)
Lyapunov exponents similar to those constructed  Perform Modified Gram-Schmidt process

in the preceding sections: Increment timet andor iteration countelj
1 i end while
A = lim = Iog( llog(t, )l )
$o© S ll6¢m(0, O)ll2

Algorithm 2 describes the Modified Gram-

Th tit ill be the | f the tw
© quantly s Wit be e jarger of e wo Schmidt algorithm in detail:

suprema of the hybrid time domalg; that is,

S := max(SupE, sup E).

Algorithm 2 Modified  Gram-Schmidt
Notice that, in the event that/ contains strictly Reorthonormalization MGSRIT;})

continuous or discrete dynamics, expressions (4) 166(6 1)) — (06t )1}
and (6) are recovered. Concerning the initial per- ¢y j (_'1 N do

turbationd¢m(0, 0): This initial ofset can be cho- So(t, j) So(t. )

sen arbitrarily so long a#(0, 0)+d¢m(0,0) € CUD tor ke i +7 40

for all 1 < m < N. To compute theN Lyapunov So(t D —  obt )k — (Galt Q) -
exponents, follow the same process outlined in the S6(t, DSB(t, j)! i
preceding sections. end for i

D. Numerical Procedure end for

return  {5¢(t, j){}

As stated previously, the analytical computa-

tion of the Lyapunov exponents for an arbitrary Looking at Algorithm 2 in detall, it is clear
dynamical system would be a ratherffiult how the process is related to the outline presented
task. The rough outline of an algorithm providedin the Continuous Dynamical Systems section
previously is an analog of th@R factorization regarding the computation of all of the Lyapunov
process known as Gram-Schmidt reorthonormakxponents. Initially, there is one vector considered
ization. Due to numerical instability in the origi- (recall that any initial vector will do), then a
nal Gram-Schmidt process, the modified Gramvector is constructed that is orthogonal to the
Schmidt process is typically used. Essentiallypriginal vector. On the next iteration, construct a



vector that is orthogonal to all previous vectorsparticles have indiceg andk, then
Repeat the process a total Nftimes for anN-

— .
dimensional system to obtain all of the Lyapunov 9 = 4 _
exponents. For more detail, see [5]. p; = pjforallj=kl
Pi = pe+(p-a)a/o?

I1l. APPLICATION: COLLIDING PARTICLES

Py P - (p-a)a/o.

g andp are the relative position and momentum
of the colliding particles,q = g1 — gx andp =

As an application of the method prescribed inp;—pk. The above relationships are a consequence
the Numerical Procedures section, consider thef conservation of linear momentum and kinetic
system of Ngisks particles that undergo elastic energy [2], [4].
collisions in two spatial dimensions with no ex- To compute the Lyapunov exponents, construct
ternal force and subjected to periodic boundaryhe evolution equations for the set of perturbation
conditions. Periodic boundary conditions mearvectors
that the particles are confined to a box of sizddéxml 1 < m < 4Ngiskst. During periods of flow
[Lx, Ly], whereLy is the length of the box in the in the reference trajectory, a perturbation vector
x-direction, andL, the length in they-direction. evolves as
Once a particle exits the box, its image enters : oP
the box from the opposite side of where it exited OX = ( 8 )
with the same velocity. There is a large body
of work considering this system [2], [4], there-where 6P = [6p1 ... 6PngJ'. From (10), it
fore only a cursory overview is provided. Recallfollows that the jump map for perturbation vectors
that in an elastic collision, both kinetic energyis [2], [4]
and linear momentum are conserved. TiNgi4s
dimensional vector describing the state is

A. Mathematical Details

S(x, 6x) = 6x*
Where&x+ = [6q1— 6q; e 6qadisks 6p1— e 6p?\—ld\sks]T

X = [ql q2 o qu\sks pl e de\sks]T’ a.nd
whereq; =[x y/]" denotes the position of the 5q7 = 4q; for all j # k|
center of pa.rticlej in the xy plane andp; = sp; = opjforall j#kl
[px py]" the linear momentum of particlg The vl s sa\5a /02
hybrid system that describes the dynamics of theseq'fr = 00+ (q-5a) q/0'2
colliding particles is: éqy = 69;-(q-69)éq/c
. 1
C = (([0 Ly X [0 Ly])MNoss x R2MNass) \ D Pk = Puc+ —21(6p - +69c-P)a +(a- P)oqc]
P . 1 )
f0=1 3 opr = pi=—[(6p-q+dGc-p)a+ (A P)ICcl:
H = D= {x € (([0 L] X [0 LyJ)2Nesis x R2Nawss) 'where g represents the change in the relative
o il < position of the two colliding particles due to the
Min<icjsNase(l0 — Qjll2) < U} time difference between collisions in the reference
g(x) = x* and perturbed trajectories and is equal to
wherem is the mass of each particle (assumed 59c = o6q+ E(sfc
equal),P = [p1 ... Pngd', o is the diame- P m
ter of each particle (assumed equal) axad = 6te = _ﬂ.
[a; a5 ... df,.. PI --- P}, J"- The particles p/m-q

cannot continue to flow once they have come irn all of the above constructionsq = 6q; — 6qx
contact with another particle, therefore the seand 6p = Jp — dpk are the relative position
C must be open. Assuming that the collidingand momentum coordinates of the perturbation



of the colliding particles. Geometricallyir. is
interpreted as theftset of the relative position of
the colliding particles due to perturbation divided
by the relative velocity in the direction of the
relative position vector at the time of collision in
the reference trajectory.

A few things are worth mentioning before mov-
ing on to the Simulation section: It is assumed
that, since energy is conserved, the system will
alternate between flowing and jumping for all time
(t » o0 andJ — o). Therefore, the construction
of the Lyapunov exponents is meaningful whether
choosing to take the limit with respect to time or
the number of jumps. For simplicity, the limit will
be taken with respect to time.

2)

3)

B. Smulation

ensure that there are directions in the tan-
gent space (the space of all perturbations)
that do not grow or shrink exponentially.
The conserved quantities are conservation
of kinetic energy (contributes 1 vanishing
exponent), total momentum (contributes 2),
and center of mass spatial location (con-
tributes 2). Additionally, there must be a
zero exponent due to a perturbation in the
direction of the reference trajectory flow.
Due to Oseledec [1], Ruelle [6] and Benettin
[5], the full spectrum of Lyapunov expo-
nents should converge over time.

Due to the conservation of energy, the sum
of the Lyapunov exponents should be zero

(2], [4].

Figure 2 shows the numerical results of the sim-
Table | shows the simulation parameters usedlation performed.

to generate the data presented in this section:

Variable Description| Identifier | Value
Number of Disks Ndisks 4

Stopping Time tstop 1000.0
Density o 0.7
Aspect Ratio A %
Disk Diameter o 1
Kinetic Energy K 4
Mass m 1

Timestep dt 0.001
Normalization Ngs 10

TABLE |

PARAMETERS FOR SIMULATING COLLIDING PARTICLES. CHOICE OF P, o
AND A DETERMINE THE DIMENSIONS OF THE SIMULATION BOX. THE
ASPECT RATIO A IS THE LENGTH OF THE BOX ALONG THE X-AXIS
DIVIDED BY THE LENGTH OF THE BOX ALONG THE Y-AXIS. THE TIME
STEP Ot IS USED FOR OUTPUT AND NORMALIZATION. THE
NORMALIZATION PARAMETER REPRESENTS THE NUMBER OF TIME STEPS
OF SYSTEM EVOLUTION PERFORMED BETWEEN SUCCESSIVE

APPLICATIONS OF MODIFIED GRAM-SCHMIDT.

For further details regarding simulation numer-
ics and setup, see [2], [4], [5]. The expecte
outcome of these simulations (from physical ani
mathematical considerations) are as follows:

ig. 2.
t bottom: the Lyapunov spectrum as a function of time. The
figure at top demonstrates confirmation of properties 1 and

Lyapunov Exponents (N=4) at Time = 1000

)\w‘ AAN—\*]
°

1 2 3 4 5 6 7 8

Convergence of Lyapunov Exponents for Colliding Particles System (N=4)

'Zl‘w,m__,#_’

I

0 50 100 150 200 250 300
Time

350 400 450 500

At top: the Lyapunov spectrum &kop = 100Q0.

-, 3 above. The figure at bottom demonstrates confirmation of
1) Due to conserved quantities, there should bgoperty 2. g

2d+2 Lyapunov exponents that are 0, where
d is the number of spatial dimensions (in

These results compare favorably with those

this cased = 2). The conserved quantities presented in [2], [4]. The exponents converge in a



similar time-scale to values that match to within[3]
a few percent. As mentioned previously, the con-
vergence of Lyapunov exponents is shows as

function of time since the problem of colliding

particles is in category 3) presented above in IV,
Section C above and the limits are taken with[5]
respect to time. [6]

IV. CONCLUSION [71

The theoretical considerations for computing
Lyapunov exponents of continuous and discrete
dynamical systems are presented and extended to
hybrid dynamical systems. A numerical example
demonstrating implementation of the methods de-
veloped is presented.

There are several benefits to using the hybrid
systems approach. While the theory of Lyapunov
exponents is well-developed for both continuous
and discrete time dynamical systems, little work
has been done concerning hybrid systems. Using
the approach presented in this paper, a theoretical
framework has been developed that can be ex-
tended to other hybrid systems. Conventionally,
Lyapunov functions have been used for hybrid
system stability analysis [7]. The analysis of
Lyapunov exponents provides another approach
for analyzing the stability of hybrid dynamical
systems.

Much follow-on work would be beneficial to
the development of these ideas to hybrid dy-
namical systems. For example, many examples
in [7] show multiple solutions¢ to a hybrid
dynamical system with the same initial condition.
The theory of Lyapunov exponents presented in
this work requires that the solution ggobe unique
in order for the exponents to be a meaningful
global measurement.
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